Introduction
In this paper, a stochastic partial differential equation (SPDE) is derived for a population whose individuals randomly experience births, deaths, and size changes. An SPDE is also derived for an age-structured population undergoing births, deaths, and size changes. The SPDEs are derived from basic principles, i.e. from the changes in the system that occur in a small time interval. Each dynamical system is carefully studied to determine the different independent random changes that occur. Appropriate terms are identified for these changes in developing a discrete-time stochastic model, which then infers a certain stochastic differential equation (SDE) system, see, e.g. [2, 4, 6 ]. The SDE system then leads to an SPDE [3] . As the techniques used to derive SPDEs have recently been developed [3] , it is likely that this paper presents the first derivations of SPDEs for problems in mathematical biology.
In constructing certain population dynamics models, the age and/or size of the individuals in the population can be an important consideration. Any factor, such as age or size, that has a significant influence on reproduction or survival in a population must be considered in developing an accurate mathematical model. There has been much work deriving, developing, and analyzing deterministic size-structured and age-and size-structured models, e.g. [1, 13, 20, 22, 23, 25] . Size-and/or agestructured population models have been widely employed to study such diverse processes as cell population growth, harvesting, plant evolution, and cannibalism, e.g. [9, 11, 12, 17, 18] . Such structured models are of fundamental importance in mathematical biology. In the past few years, SDEs have provided additional insight into the effects of random influences on the population dynamics, e.g. [2, 4, 5, 7] . For example, random influences have a strong effect on the persistence time of a population. Recently developed techniques are applied in the present investigation to derive SPDE versions of the deterministic size-structured and age-and size-structured population models. The SPDEs derived here account for demographic variability due to the random occurrence of births, deaths, and size changes and generalize the deterministic partial differential equation models. Environmental variability in age-and size-structured population dynamics is not studied in the present investigation, although environmental changes may produce independent random changes in the birth, death, and growth rates as studied in [7] for discrete and continuous stochastic population models. Assuming that the environment produces independent random changes in the birth, death, and growth rates, the SPDEs derived in the present investigation can be extended to systems of SPDEs to account for environmental as well as demographic variability.
In the next section, a SPDE is derived for a size-structured population. The changes in size, births, and deaths are assumed to occur randomly with probability proportional to the population level and to the time interval. In the following section, an SPDE is derived for a size-and agestructured population. Changes in births, deaths, and sizes are again assumed to occur randomly for this population. However, age changes are assumed to occur deterministically, i.e. age depends only on time since birth and so age, for example, is not considered a physical condition. The two stochastic models are then solved computationally and compared with Monte Carlo calculations. The Monte Carlo calculational procedure differs from the numerical method for solving the SPDEs. In the Monte Carlo calculations, the populations are checked at each small interval of time to see if a birth, death, or size change occurs. Comparisons between the two different computational methods are in close agreement indicating that the SPDEs accurately model the random behaviour of size-and age-structured populations.
Derivation of a size-structured population SPDE
A standard partial differential equation for a size-structured population has the form [1, 12, 13, 20, 25] :
for x min < x < x max and t > 0 where u(x, t) is the population density with respect to size x at time t, μ is the death rate, β is the birth rate, g(x, t) is the growth rate of an individual of size x at time t, P (t) is the total number of individuals in the population at time t, and x min and x max are the minimum and maximum sizes of an individual. Notice that birth and death rates may depend on size, time, and population level in Equation (1) . Also, births result in individuals of the minimum size x min . System (1) is deterministic and random variations in the population level due to the inherent randomness in births, deaths, and size changes cannot be studied using this system. To derive a SPDE generalization of Equation (1), the changes that occur in the population for a small time interval are tabulated taking into account the randomness in births, deaths, and size changes.
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A discrete stochastic model of a size-structured population is then constructed. As the time interval decreases, the discrete stochastic model leads to a system of Itô SDEs. As the size interval decreases, a SPDE is derived for a size-structured population.
Some properties of Brownian sheets
Before deriving these stochastic equations, it is useful to consider several properties of Brownian sheets [8, 10, 24] . A Brownian sheet on [0, 5] × [0, 5] is illustrated in Figure 1 . The Brownian sheet W (x, t) satisfies:
That is, the Brownian sheet is independent and normally distributed over rectangular regions. In addition, if x j = x min + j x for j = 0, 1, . . . , K, where x = (x max − x min )/K then the Brownian sheet defines for j = 1, 2, . . . , K, the standard Wiener processes,
Notice that if t i = i t for t = 0, 1, . . . , M, then
where η i,j ∼ N(0, 1) for each j = 1, 2, . . . , K and i = 1, 2, . . . , M. In addition, from a twodimensional Brownian sheet, an independent one-dimensional Wiener process in t can be defined for each x by
In particular, W * (t; x) ∼ N(0, t) for each t ≥ 0 and if x 1 = x 2 , then the Wiener process W * (t; x 1 ) is independent of the Wiener process W * (t; x 2 ). (Notice that W * (t; x) is not a Brownian sheet but is a one-dimensional Wiener process for each value of x.) These definitions can be extended to higher dimensions. For example, an independent two-dimensional Brownian sheet in t and y can be defined for each value of x by
where W (x, y, t) is a three-dimensional Brownian sheet. (Here, W * (y, t; x) is an independent two-dimensional Brownian sheet for each value of x.) In addition, the integral of the partial derivative of f (x, t)∂W (t; x)/∂t is defined as:
An SPDE for a size-structured population
Consider now the changes which occur in the size-structured population for a small time interval t. To find these changes, it is assumed that the population is divided into K size intervals
The changes possible for u k = u k (t) are tabulated in Table 1 for k > 1. Births are added to the first size class and the possible changes are given in Table 2 for k = 1. In Tables 1 and 2 , g k = g(x k , t) is the growth rate for individuals of size class k, μ k = μ(x k , t, P (t)) is the death rate for individuals of size class k, and β k = β(x k , t, P (t)) is the birth rate. In particular, for t small, the probability of an individual increasing in size from size class k − 1 to size class k in time t is u k−1 g k−1 t/ x, the probability of a death in size class k is u k μ k t, and the probability of a birth into size class 1 is K k=2 u k β k t. Tables 1 and 2 define a discrete stochastic model for the system of K sub-populations. The mean and mean square of the change are important for constructing a system of Itô SDEs. These values are readily calculated using Tables 1 and 2 to obtain: 
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for k = 1 where terms of order ( t) 2 are neglected. These relations imply that a very reasonable approximation to the discrete stochastic model satisfies the Itô system [2, 4, 6] :
for k = 2, 3, . . . , K with
where W k (t),Ŵ k (t), and W (t), are independent Wiener processes for k = 1, 2, . . . , K. Indeed, for small t, the systems (6) and (7) have approximately the same mean and mean square changes as the discrete stochastic model. Introduced now is a one-dimensional Wiener process W * (t; x) parameterized by size x such that W * (t; x) is an independent Wiener process for each value of x. In addition, a Brownian sheet W (x, t) is applied. Then, the preceding equations can be written as:
The size interval x is now allowed approach zero, resulting in a SPDE system for the sizestructured population. Letting u k (t) = u(x k , t) x and decreasing x, then where Equation (9) simplifies to:
where W * (t; x) and W (t) are independent Wiener processes and W (x, t) is a Brownian sheet. Notice that Equations (10) and (11) generalize Equation (1). If the stochastic terms are set equal to zero, then Equations (10) and (11) are identical to Equation (1) . Of course, for the deterministic or stochastic version, the initial condition and number of individuals are given, respectively, by
and
Derivation of a size-and age-structured population SPDE
In this section, the population's age structure as well as size structure is also considered. The size-structured Equation (1) can be extended to the size-and age-structured partial differential equation [22] :
x max x min y max 0 u(x, y, t)dy dx (12) for 0 < y < y max , x min < x < x max , and t > 0 where u(x, y, t) is the population density with respect to age y and size x at time t, μ is the death rate, β(x , x, y , t, P (t)) is the rate of newborns of size x per unit size born from individuals of size x and age y , g(x, y, t) is the growth rate of an individual of age y and size x at time t, h(x, y, t) ≡ 1 is the ageing rate of an individual of age y and size x at time t, P (t) is the total number of individuals in the population at time t, x min , and x max are the minimum and maximum sizes of an individual, and y max is the maximum age. Notice that birth and death rates may depend on age, size, time, and population level in Equation (12) . Also, births result in individuals of size x where x may be any value from x min and x max . In addition, u(x, 0, t) is the number of individuals per unit age (time) of size x at age 0 and is therefore the birth rate at time t for newborns of size x.
Similar to Equation (1), Equation (12) is deterministic and random variations in the population level due to the inherent randomness in births, deaths, and size changes cannot be studied using this equation. To derive a SPDE generalization of Equation (1), the changes which occur in the population for a small time interval are tabulated carefully taking into account the randomness in births, deaths, and size changes. Age changes are assumed here to occur deterministically, i.e. the age of an individual is merely the time since birth and is not considered a condition or state of an individual although such a consideration would be interesting. A discrete stochastic model of the size-and age-structured population is next constructed. As the time interval decreases, the discrete stochastic model leads to a system of Itô SDEs. As the size and age intervals decrease, a SPDE is derived for the size-and age-structured population.
Consider now the changes which occur in the population for a small time interval t. To find these changes, it is assumed that the population is divided into J age intervals [y j −1 , y j ], for j = 1, 2, . . . , J where y j = j y, y = y max /J , and K size intervals [x k−1 , x k ], for k = 1, 2, . . . , K where x k = k x + x min , x = (x max − x min )/K, and u j,k (t) is the population level at time t of individuals with age from y j −1 to age y j and of size x k−1 to size x k . The changes possible for u j,k = u j,k (t) are tabulated in Table 3 for j > 1. Births are added to the first age class so du 1,k (t)/dt includes the rate of births into the kth size class. The possible changes are given in Table 4 for j = 1. In Tables 3 and 4 , g j,k = g(x k , y j , t) is the growth rate for individuals of age class j and size class k, μ j,k = μ(x k , y j , t) is the death rate for individuals of age class j and size class k, and β j ,k ,k = β(x k , x k , y j , t, P (t)) x is the birth rate for individuals of size class k and age class j with newborns in size class k. In particular, in small time t, there is a probability of 1 for u j −1,k h j −1,k t/ y individuals to change age from age-size class j − 1, k to age-size class j, k, there is a probability of u j,k−1 g j,k−1 t/ x for an individual to change size from age-size class j, k − 1 to age-size class j, k, there is a probability of u j,k μ j,k t of a death in time t in age-size class j, k, and there is a probability of K k =1 J j =2 u j ,k β j ,k ,k x t of a birth to age-size class 1, k. Tables 3 and 4 define a discrete stochastic model for the system of K sub-populations. The mean and mean square of the change are important for constructing a system of Itô SDEs and can be readily calculated using these tables to obtain for j ≥ 2:
and for j = 1 where terms of order ( t) 2 are neglected. These relations imply that a very reasonable approximation to the discrete stochastic model satisfies the Itô system [2, 4, 6] : (17) for j = 2, 3, . . . , J and k = 1, 2, . . . , K with
where W j,k (t),Ŵ j,k (t), and W k (t), are independent Wiener processes for j = 2, 3, . . . , J and k = 1, 2, . . . , K. Indeed, for small t, the system (17), (18) has approximately the same mean and mean square changes as the discrete stochastic model. Introduced now is a two-dimensional Brownian sheet W * (t, y; x) parameterized by size x such that W * (t, y; x) is an independent Brownian sheet for each value of x. In addition, a threedimensional Brownian sheet W (x, y, t) is applied. Then, the preceding equations can be written as: for j = 2, 3, . . . , J and k = 1, 2, . . . , K with
The size and age intervals x and y are now allowed to approach zero, resulting in a SPDE for the size-structured population. Letting u j,k (t) = u(x k , y j , t) x y and decreasing x and y, then where the birth rate for newborns of size x at time t per unit size is:
where W (x, t) and W * (t, y; x) are independent two-dimensional Brownian sheets and W (x, y, t) is a three-dimensional Brownian sheet. Notice that Equations (21) and (22) generalize Equation (12) and if the stochastic terms are set equal to zero, then Equations (21) and (22) are identical to Equation (12) . Of course, for the deterministic or stochastic version, the initial condition and total number of individuals are given, respectively, by u(x, y, 0) = u 0 (x, y) and P (t) =
x max
x min y max 0 u(x, y, t)dxdy.
Comparison with Monte Carlo calculations
In this section, the SPDEs derived in the previous two sections for the structured populations are numerically solved and compared with independent Monte Carlo computations. First, the SPDEs (10) and (11) are considered. To define a numerical method, the population is divided into K size intervals [x k−1 , x k ], for k = 1, 2, . . . , K where x k = k x, x = (x max − x min )/K and time is discretized where t i = i t, i = 0, 1, 2, . . . . Integrating Equation (10) over a size interval and using an explicit approximation in time t suggests the numerical procedure
for k = 2, 3, . . . , K and i = 0, 1, 2, . . . , where u k,i ≈ u(x k , t i ) x with Equation (11) replaced by
where η k,i ,η k,i ,η i ∼ N(0, 1) are independent normally distributed numbers. Note that Equation (23) is an Euler-Maruyama [19] approximation to the system of Itô SDEs (6) . In particular, in solving Equations (23) and (24) , the values of u k,0 , for k = 2, 3, . . . , K, are set equal to the initial population levels. Then, Equation (23) is solved for i = 1, 2, . . . , and k = 2, 3, . . . , K where, when k = 2, the terms containing u 1,i in Equation (23) are replaced by the equivalent terms on the right-hand side of Equation (24) . Computer programs written in Fortran for computing Equations (23) and (24), (25) and (26), and performing the Monte Carlo computations can be found at www.math.ttu.edu/∼eallen/spdestruct.pdf. Results obtained by solution of Equations (23) and (24) were compared with results obtained using an independent Monte Carlo computational procedure for estimating size-structured population levels. In the Monte Carlo procedure, the population was divided into 100 size classes and time was divided into 1000 intervals where the total time was taken, for illustrative purposes, as 0.5. For each time step, each sub-population was checked for a death, birth, or size change using the probabilities given in Tables 1 and 2. In the calculational comparisons, the growth rate, death rate, birth rate, and initial population were assumed to be g(x, t) = 0.5(1 − x), μ(x, t) = 0.5, β(x, t) = 1.5, u(x, 0) = 600(1 − x) 2 , respectively, with x min = 0 and x max = 1. For these parameters, the growth rate declines with size x and the death and birth rates are assumed constant. With these parameter selections, the exact solution to the deterministic size-structured models (1) and (2) is u(x, t) = 600(1 − x) 2 exp(t) with the total number of individuals P (t) = 200 exp(t). Thus, the deterministic population level increases exponentially with an average size of the individuals of 0.25. Of interest here is the random behaviour of the population.
Summarized in Table 5 are the results for 500 sample paths (500 different runs) for the SPDE calculation and for the Monte Carlo procedure. The calculational results are in close agreement. The population levels (total number of individuals) and average individual size at time t = 0.5 for 500 sample paths are shown in Figures 2 and 3 , respectively. It is clear that the SPDE accurately models the dynamics of the size-structured populations.
The SPDEs (21) and (22) are numerically investigated in a similar way. To obtain a numerical procedure, the population is divided into K size intervals [x k−1 , x k ], for k = 1, 2, . . . , K where x k = k x, x = (x max − x min )/K and J age intervals [y j −1 , y j ] where y j = j y and y = y max /J . Integrating Equation (21) over a size interval and over an age interval and using an explicit approximation in time t suggests the numerical procedure Figure 2 . Calculated distribution of populations levels at time t = 0.5 for 500 sample paths using Monte Carlo (MC) and the SPDE (10) and (11). for j = 2, 3, . . . , J and k = 1, 2, . . . , K with
where η j,k,i ,η j,k,i ,η k,i ∼ N(0, 1) are independent and u j,k,i ≈ u(x k , y j , t i ) x y. Note that Equation (25) is an Euler-Maruyama [19] approximation to the system of Itô SDEs (17) . In particular, in solving Equations (25) and (26), the values of u j,k,0 , for j = 2, 3 . . . , J, k = 1, 2, . . . , K, are set equal to the initial population levels. Then, Equation (25) is solved for i = 1, 2, . . . , j = 2, 3, . . . , J , and k = 1, 3, . . . , K, where, when j = 2, the term involving u 1,k,i in Equation (25) is replaced by the equivalent terms on the right-hand side of Equation (26). Numerical solution of Equations (25) and (26) were compared with results obtained using an independent Monte Carlo computational procedure for approximating the age-and size-structured population levels. In the Monte Carlo procedure, the population was divided into 200 size-age classes and time was divided into 4000 steps where the final time was taken, for illustrative purposes, as t = 1. For each time step, each sub-population was checked for a death, birth, or size change using the probabilities given in Tables 3 and 4 . To compare the two independent computational approaches, the growth rate, death rate, birth rate, and initial population were assumed to be g(x, y, t) = 0. 2 , respectively, with x min = 0, x max = 1, y min = 0, and y max = 1. For these parameters, the growth rate declines with size x and age y, the death rate increases rapidly as the maximum age y = 1 is reached, and the birth rate size distribution peaks at size x = 1/2. With these parameter selections, the exact solution to the deterministic age-and size-structured model (12) is u(x, y, t) = 7200x(1 − x)(1 − y) 2 exp(t) with the total number of individuals P (t) = 400 exp(t). Thus, the deterministic population level increases exponentially with an average size of the individuals of 0.5 and with an average age of 0.25. Of interest here is the random behaviour of the population.
Summarized in Tables 6 and 7 are the results for the 500 sample paths (500 different runs) for the SPDE numerical method and for the Monte Carlo procedure. Notice that the results for the two different computational procedures are close. The population levels (total number of individuals), average individual size, and the average individual age at time t = 1 for 500 sample paths are shown in Figures 4, 5 and 6 . It is clear that the SPDE accurately models the dynamics of the ageand size-structured populations. 84 E.J. Allen Table 6 . Monte Carlo (MC) and SPDE (21) and (22) 
Summary and conclusions
SPDEs are becoming increasingly important in applied mathematics [14] [15] [16] 21] . Recently developed techniques [3, 6] are applied in the present investigation to derive SPDEs for age-and size-structured populations. In the derivation procedure, the deterministic and stochastic terms in the differential equation system are simultaneously derived. First, a discrete stochastic model is constructed. Next, an SDE system is derived. Finally, a particular SPDE follows from the SDE system. The SPDE for a size-structured population is given by Equations (10) and (11) . The SPDE for an age-and size-structured population is given by Equations (21) and (22) . The stochastic equations generalize the deterministic size-and age-structured models and include the demographic influences of randomly varying births, deaths, and size changes. Hence, random influences on certain properties of a structured population, such as on persistence time or on size variability, can be studied using these SPDEs. The SPDEs derived for age-and size-structured population models are solved numerically and compared with an independently formulated Monte Carlo method. The computational results between the two different numerical methods are in good agreement supporting the accuracy of the SPDE derivation procedure.
